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The second step uses the fact that the uniform distribution over the Clifford group
has the same first (in fact three) moments as the Haar measure.

Combining this with Theorem 231 yields the following lower bound for Pauli
shadow tomography.

Corollary 233 (Shadow tomography lower bound for Pauli observables). Any
learning protocol which only performs single-copy measurements on copies of un-
known state p and outputs e-accurate estimates for {tr(Pp)} for all Pauli operators
P with high probability requires (2" /€%) copies of p.

3. Lower bound for non-adaptive two-copy measurements

Note that the learning protocol in Section 1 crucially relies on adaptivity in
order to determine the appropriate measurement to perform in the second stage of
the protocol where one resolves the signs. In this section, we show that this adaptiv-
ity is necessary: any protocol that performs non-adaptive two-copy measurements
requires an exponential amount of copies of p:

Theorem 234. Any protocol that estimates {tr(Pp)} for all Pauli operators P
to additive error less than 1 using non-adaptive two-copy measurements requires
Q(2"/2) copies of p.

As in the previous lower bounds, we assume that the learning protocol uses
rank-1 POVMs of the form {ws [¢)s) (15|} for for 2n-qubit pure states {|is)} and
nonnegative weights w, with > ws = 22n,

To prove the nonadaptive lower bound in Theorem 234, we consider a distin-
guishing task in which we are given access to copies of an unknown n-qubit quantum

state p and want to distinguish between two cases:

e p is sampled from {p} = £ JQFP © }qefan—1) uniformly over non-identity Paulis P,

e p is sampled from {p; = %}ae[zln_l] uniformly over non-identity Paulis P,.

If we have a protocol that can estimate all Pauli observables to additive error less
than 1 with high probability, then we can solve this distinguishing task using the
same protocol. It thus suffices to prove a lower bound on the number of copies of
p needed to solve the distinguishing problem with high probability. Note that this
distinguishing problem is different from the distinguishing problem we considered
for single-copy measurements; there we wished to distinguish between maximally
mixed versus states of the form (I £ P,)/2", whereas here we wish to distinguish
between two different ensembles over nontrivial projectors.

Given an a € {1,...,4™ — 1}, and given the t-th POVM M, = {w! [!) (4t|},
we denote by pIt and p,, the probability distributions over outcomes s; from
measuring p and p, respectively. We also denote by p/ and p, the probability
distribution over the 7' measurement outcomes sy, ..., st for measuring pI and p; .

Our goal is to show a bound on the total variation distance between E,[p/}] and
E,[p, ] for any nonadaptive sequence of two-copy POVM measurements {M;}Z_;,
ie.,

TV(Ea[py ] Ealpg ]) < o(1),

as Le Cam’s lemma would then imply that any nonadaptive protocols using at
most T' two-copy measurements cannot distinguish between these two cases with
high probability.



214 15. LOWER BOUNDS FOR PAULI SHADOW TOMOGRAPHY

Note that for a sequence of nonadaptive measurements, the probability distri-
bution p” and p, can be written as a tensor product of the probability distributions
for each individual measurement p;t and p, ,. We thus have

TV(Ealpg ], Ealpy]) < Ea[TV(pg . pa )]
~ E, [TV(é}p;t, ép;t)]

< E, [Tv(p;_,ta p;t)]
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Note that this sequence of inequalities crucially uses the fact that the measurements
are non-adaptive.

It thus suffices to bound the average total variation distance for a single two-
copy measurement. Define

N £ (2"(SWAP; 3 + SWAP; 4 + SWAP, 3 + SWAP, 4) — 41%%) .
For any such M;, we have
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where the third step follows by Cauchy-Schwarz inequality, the fourth step follows
from the fact that Y, w! = 22" and Jensen’s inequality, and the sixth step follows
from the two-design property of the Clifford group (here SWAP; ; denotes the
SWAP operator on the i-copy and the j-th copy). Therefore, we have

TV(Ba[ps ], Ealps 1) < O(T -27"/2).
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This indicates that any nonadaptive protocols with T < 0(2"/?) two-copy mea-
surement can not solve this distinguishing task with high probability, which yields
the Q(2"/2) lower bound in Theorem 234 for two-copy nonadaptive protocols for
solving Pauli shadow tomography.

4. Lower bound for protocols with limited quantum memory

In this section, we consider an extension of the setting of Section 2.1 to one
in which the learner has access to a nonzero but small amount of additional quan-
tum memory - more than is needed to perform single-copy measurements, but not
enough to perform two-copy measurements. We prove that the exponential lower
bound of Section 2.1 persists in this setting.

The main result of this section is the following:

Theorem 235 (Shadow tomography with bounded quantum memory). Any learn-
ing algorithm with k qubits of quantum memory requires T > (2("_’“)/3) copies
of p to predict |tr(Pp)| for all n-qubit Pauli observables P with at least probability

We first formalize our notion of quantum memory by generalizing the notion
of learning tree from before.

Definition 236 (Tree representation for learning states with bounded quantum
memory). Fiz an unknown n-qubit quantum state p. A learning algorithm with
size-k quantum memory can be expressed as a rooted tree T of depth T, where
each mode encodes the current state of the quantum memory in addition to the
transcript of measurement outcomes the algorithm has seen so far. Specifically, the
tree satisfies the following properties:

(1) Each node u is associated with a k-qubit unnormalized mized state 3P (u)
corresponding to the current state of the quantum memory.

(2) For the root r of the tree, 3P(r) is an initial state denoted by Xg.

(3) At each node u, we apply a POVM measurement {F¥}, on 3P (u) ® p to
obtain a classical outcome s. Each child node v of u is connected through
the edge e, s.

(4) For POVM element F = MM and X € H2*%2" | define

AR (Z) & trsy, (M(Z @ p)MT).
If v is the child node of u connected through the edge e, s, then
T0(v) 2 A%, (37(u)). (72)

AR (X)) is the first k-qubit of the unnormalized post-measurement state.

(5) Note that for any node u, p°(u) = tr(XP(u)) is the probability that the
transcript of measurement outcomes observed by the learning algorithm
after t measurements is u. And XP(u)/p’(u) is the state of the k-qubit
memory at the node u.

Given p, we will abuse notation and let p” denote the distribution on leaves of
T given by the probabilities {p”(¢)},. Let Py,...,Pyn_1 denote the collection of
non-identity n-qubit Pauli operators. We will use Ep|-] to denote expectation with
respect to a uniformly random such P.
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As before, we consider a many-versus-one distinguishing task where we want
to distinguish between the completely mixed state py,,, versus the set of n-qubit
states {pp} where P ranges over all n-qubit Pauli observables not equal to identity,
where pp = (I + P)/2". And as before, a lower bound for this task immediately
translates to one for shadow tomography. For the former, it suffices to show that
for T = o (2"=F)/3), TV (pPmm, Ep[pP*r]) = o(1).

As in the proof of the single-copy lower bound, the primary technical ingredient
will be a second moment bound. To formulate this, we will need the following object:

Definition 2k37,.€ Given a POVg\/[ de}znent F = MM and an unnormalized mized
state X € H* %2 1y s € H2"*x2" s given by

(d 2k . ok i)
™M, — M MT

ok N ok
\\_‘7
on on

(The dimensions of the Hilbert spaces corresponding to the edges have been labeled.)

One can think of the following lemma as bounding a matrix-valued analogue of the
quantity defined in the single-copy lower bound. Indeed, when k = 0, the following
specializes up to constant factors to the second moment bound for the single-copy
case.

Lemma 238. For any POVM element M and unnormalized mized state X €
Hz’“xz’“}

1 1

Ep[|Af7™(2) — Af7 (2)]7] < STy r— tr (rarz)” (73)

PROOF. Note that Afy™(X) — AfF (X)) = —trsy, (M (& ® ) MT), so by the fact
that || X2 < 2Ftr(X2),vX € H2 *2", the left-hand side of (73) is upper bounded

T b)) o

For fixed P, we express the expression inside the expectation diagrammatically as
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=

By the 2-design property of the Clifford group, averaging (75) with respect to P
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where the inequality follows from the fact that the second term is equal to mtr(tg x(1)?)

which is non-negative. The claim follows from the fact that tr(72) < tr(7)? (as 7 is
positive-semidefinite) and utilizing Eqn. (74).

We will not be able to make use of the convexity trick from the proof of
the single-copy lower bound. Instead, we make use of a careful pruning argu-
ment; intuitively, for any leaf ¢, we will essentially ignore the contribution to
TV(pP==,Ep[pP]) coming from Paulis P for which Aﬁfg behaves too differently

from AR7: for some edge e, s on the path from root to £.

Definition 239. A Pauli P is bad for an edge e, s if

1 1
A (£P () = AR (£ @) e > s\ o= 15 (Pt o) -

Otherwise we say P is good for e, s. Given node u, let P[u] denote the set of all
Paulis which are good for all edges on the path from root to u.

The following is an immediate consequence of Lemma 238 and Markov’s:

Fact 240. For any edge e, s, there are at most 2~(=F)/3 . (47 — 1) bad Paulis
P e H?"*2" . In particular, along any given root-to-leaf path of the learning tree,
there are at most T - 2~ (n=kK)/3 . (4™ — 1) Paulis which are bad for some edge along
the path.

Lemma 240 allows us to bound the TV (p”== ,Ep[pP?]) by a small term coming
from bad Paulis and a term coming from good ones:

Lemma 241.

1
mm . _(n_k)/?’ mm _
TV (e, Bplpr#)) < T2~/ ¢ oL 5™ ST () - 300 (1)
Leleaf(T) PeP[{]
(76)
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PROOF. Let £ denote the set of leaves ¢ for which p?==(¢) > Ep[p?? (¢)]. Then

TV (p/==,Ep[p ;:p”m —Ep[p"(0)]
< ;Z;EP [min(pP (£), [pPm (£) — p* (O)])]
< ZEP min(p (£), 530 (£) — 207 (0)) (77)
< SBAPCP ¢ P70+ 5y 3 1= =2 Ol

The first equality uses the fact that TV(p,q) = 1 >, [pi — ¢;] = Dipisg, Pi — Qi
Inequality (77) uses the fact that ||Xfm= () — PP (0)||y, > tr(XPmm (L) — 3PP (L ))
pPmm (£) —pPP (£). The lemma follows from Fact 240 and the fact that >, p#mm (¢)
1.

OIA Il &

We are now ready to prove Theorem 235.

PROOF OF THEOREM 235. By Lemma 241, it suffices to control the latter term
on the right-hand side of Eq. (76). We do so via a hybrid argument. For any leaf
¢ with parent u and incoming edge e, s, and any P € P[{], we can upper bound
[P (€) — 27 ()| Dy

[ARE (3 (u) = Al (B0 () ler + [ ARTw (B0 (w) = 277 (w)) [, (78)

where we have used the transition formula in Eq. (72) and the triangle inequality.
We can upper bound the former term by

1 22n 1
2(n—k)/3 ' 22n _ 1 o <2n TMy EP"‘“‘(“)) (79>

because P is good for edge e, s; see Definition 239 and note that v/227- 2,L = 1. Using
Definition 237 and the fact that {(M*)T M2}, is a POVM hence > (M*)TM* =1,
we have the following identity.

ZEP ( TaLe zpmm(u)>] = Ep[tr(Z”™™(u))], Yu : node on T.

Therefore, we have

> Ep[ (;nTM Somm (u N:EP > (B (u) | =L

u,S: eqy,s connected wu: connected
to a leaf to a leaf



4. LOWER BOUND FOR PROTOCOLS WITH LIMITED QUANTUM MEMORY 219

As for the latter term in Eq. (78), note that for any leaf ¢ with parent u, Plu] C P[/],
S0

D AR (2P (u) = 27 () [l < > [ART. (P (u) — 27 (1) [fer
L, PePl] u,8: ey,s connected
to a leaf, P€ P[u]

DI LACEIOES O

w: u connected s
to a leaf, PEP[u]

(80)
Note that for any node u, the map
E:X Z |s) (s]s @ ART. (X)

is a quantum channel, so in partlcular 1€ ler < I X |ltr- In particular, we can see
that

[€ (X (u) = ZPP () [ler = Z [ AR (2P (u) — 27 () fer-
We may thus upper bound Eq. (80) by
> = (u) = B (u) | = > (|37 (u) — 377 (u)[|er. (81)

u: connected to u: at depth T'—1
a leaf, P€ P[u] PePlu]
Combining Eq. (78), (79), and (81), we conclude that
22n
> ||2”’““‘( )=EP2 ()l < 2(n i\ g 1T > 1357 () =P (w) [|er
Leleaf (T w at depth T'—1
PEP[Z] PeP[u]

We can thus conclude by induction and by Lemma 241,

922n
22n _1°
In order to achieve the many-versus-one distinguishing task with probability at least
2/3, we must have 2/3 < TV(pfm= Ep[pP]) from Le Cam’s two point method.
However for T = o(2(»=F)/3) TV(pP== Ep[p’?]) = o(1). This concludes the lower
bound that T > Q(2("=k)/3), O

TV (pP=m Ep[pfr]) < T -27=R/3 L p.g=(n=k)/3,




