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The second step uses the fact that the uniform distribution over the Cli↵ord group
has the same first (in fact three) moments as the Haar measure.

Combining this with Theorem 231 yields the following lower bound for Pauli
shadow tomography.

Corollary 233 (Shadow tomography lower bound for Pauli observables). Any
learning protocol which only performs single-copy measurements on copies of un-
known state ⇢ and outputs ✏-accurate estimates for {tr(P⇢)} for all Pauli operators
P with high probability requires ⌦(2n/✏2) copies of ⇢.

3. Lower bound for non-adaptive two-copy measurements

Note that the learning protocol in Section 1 crucially relies on adaptivity in
order to determine the appropriate measurement to perform in the second stage of
the protocol where one resolves the signs. In this section, we show that this adaptiv-
ity is necessary: any protocol that performs non-adaptive two-copy measurements
requires an exponential amount of copies of ⇢:

Theorem 234. Any protocol that estimates {tr(P⇢)} for all Pauli operators P
to additive error less than 1 using non-adaptive two-copy measurements requires
⌦(2n/2) copies of ⇢.

As in the previous lower bounds, we assume that the learning protocol uses
rank-1 POVMs of the form {ws | si h s|}s for for 2n-qubit pure states {| si} and
nonnegative weights ws with

P
s ws = 22n.

To prove the nonadaptive lower bound in Theorem 234, we consider a distin-
guishing task in which we are given access to copies of an unknown n-qubit quantum
state ⇢ and want to distinguish between two cases:

• ⇢ is sampled from {⇢+
a = I+Pa

2n }a2[4n�1] uniformly over non-identity Paulis Pa

• ⇢ is sampled from {⇢�
a = I�Pa

2n }a2[4n�1] uniformly over non-identity Paulis Pa.

If we have a protocol that can estimate all Pauli observables to additive error less
than 1 with high probability, then we can solve this distinguishing task using the
same protocol. It thus su�ces to prove a lower bound on the number of copies of
⇢ needed to solve the distinguishing problem with high probability. Note that this
distinguishing problem is di↵erent from the distinguishing problem we considered
for single-copy measurements; there we wished to distinguish between maximally
mixed versus states of the form (I ± Pa)/2n, whereas here we wish to distinguish
between two di↵erent ensembles over nontrivial projectors.

Given an a 2 {1, ..., 4n � 1}, and given the t-th POVM Mt = {wt
s | t

si h t
s|},

we denote by p+
a,t and p�

a,t the probability distributions over outcomes st from
measuring ⇢+

a and ⇢�
a respectively. We also denote by p+

a and p�
a the probability

distribution over the T measurement outcomes s1, ..., sT for measuring ⇢+
a and ⇢�

a .
Our goal is to show a bound on the total variation distance between Ea[p+

a ] and
Ea[p�

a ] for any nonadaptive sequence of two-copy POVM measurements {Mt}T
t=1,

i.e.,

TV(Ea[p+
a ],Ea[p�

a ])  o(1) ,

as Le Cam’s lemma would then imply that any nonadaptive protocols using at
most T two-copy measurements cannot distinguish between these two cases with
high probability.
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Note that for a sequence of nonadaptive measurements, the probability distri-
bution p+

a and p�
a can be written as a tensor product of the probability distributions

for each individual measurement p+
a,t and p�

a,t. We thus have

TV(Ea[p+
a ],Ea[p�

a ])  Ea[TV(p+
a , p�

a )]

= Ea

h
TV
⇣ TO

t=1

p+
a,t,

TO

t=1

p�
a,t

⌘i


TX

t=1

Ea[TV(p+
a,t, p

�
a,t)]

 T max
two copy Mt

Ea[TV(p+
a,t, p

�
a,t)] .

Note that this sequence of inequalities crucially uses the fact that the measurements
are non-adaptive.

It thus su�ces to bound the average total variation distance for a single two-
copy measurement. Define

N ,
�
2n(SWAP1,3 + SWAP1,4 + SWAP2,3 + SWAP2,4) � 4I⌦4

�
.

For any such Mt, we have

Ea[TV(p+
a,t, p

�
a,t)]

= Ea

h1
2

X

s

���tr
h⇣I + Pa

2n

⌘⌦2
wt

s | t
si h t

s|
i

� tr
h⇣I � Pa

2n

⌘⌦2
wt

s | t
si h t

s|
i���
i

= Ea

h 1

22n

X

s

wt
s |tr[(I ⌦ Pa + Pa ⌦ I) | t

si h t
s|]|
i

 1

22n
Ea

hsX

s

wt
s tr2[(I ⌦ Pa + Pa ⌦ I) | t

si h t
s|] ·

X

s

wt
s

i

 1

2n

s
Ea

hX

s

wt
s tr2 [(I ⌦ Pa + Pa ⌦ I) | t

si h t
s|]
i

=
1

2n

s
Ea

hX

s

wt
s h t

s| h t
s| (I ⌦ Pa + Pa ⌦ I)⌦2 | t

si | t
si
i

=
1

2n

s
1

22n � 1

X

s

wt
s h t

s| h t
s|N | t

si | t
si

 1

2n

s
1

22n � 1

X

s

wt
s(4 · 2n � 4)

=
1

2n

r
4 · 22n

2n + 1
= O

⇣ 1

2n/2

⌘

where the third step follows by Cauchy-Schwarz inequality, the fourth step follows
from the fact that

P
s wt

s = 22n and Jensen’s inequality, and the sixth step follows
from the two-design property of the Cli↵ord group (here SWAPi,j denotes the
SWAP operator on the i-copy and the j-th copy). Therefore, we have

TV(Ea[p+
a ],Ea[p�

a ])  O(T · 2�n/2).



4. LOWER BOUND FOR PROTOCOLS WITH LIMITED QUANTUM MEMORY 215

This indicates that any nonadaptive protocols with T  o(2n/2) two-copy mea-
surement can not solve this distinguishing task with high probability, which yields
the ⌦(2n/2) lower bound in Theorem 234 for two-copy nonadaptive protocols for
solving Pauli shadow tomography.

4. Lower bound for protocols with limited quantum memory

In this section, we consider an extension of the setting of Section 2.1 to one
in which the learner has access to a nonzero but small amount of additional quan-
tum memory - more than is needed to perform single-copy measurements, but not
enough to perform two-copy measurements. We prove that the exponential lower
bound of Section 2.1 persists in this setting.

The main result of this section is the following:

Theorem 235 (Shadow tomography with bounded quantum memory). Any learn-
ing algorithm with k qubits of quantum memory requires T � ⌦

�
2(n�k)/3

�
copies

of ⇢ to predict |tr(P⇢)| for all n-qubit Pauli observables P with at least probability
2/3.

We first formalize our notion of quantum memory by generalizing the notion
of learning tree from before.

Definition 236 (Tree representation for learning states with bounded quantum
memory). Fix an unknown n-qubit quantum state ⇢. A learning algorithm with
size-k quantum memory can be expressed as a rooted tree T of depth T , where
each node encodes the current state of the quantum memory in addition to the
transcript of measurement outcomes the algorithm has seen so far. Specifically, the
tree satisfies the following properties:

(1) Each node u is associated with a k-qubit unnormalized mixed state ⌃⇢(u)
corresponding to the current state of the quantum memory.

(2) For the root r of the tree, ⌃⇢(r) is an initial state denoted by ⌃0.
(3) At each node u, we apply a POVM measurement {Fu

s }s on ⌃⇢(u) ⌦ ⇢ to
obtain a classical outcome s. Each child node v of u is connected through
the edge eu,s.

(4) For POVM element F = M†M and ⌃ 2 H
2k⇥2k

, define

A⇢
M (⌃) , tr>k

�
M(⌃ ⌦ ⇢)M†� .

If v is the child node of u connected through the edge eu,s, then

⌃⇢(v) , A⇢
Mu

s
(⌃⇢(u)). (72)

A⇢
M (⌃) is the first k-qubit of the unnormalized post-measurement state.

(5) Note that for any node u, p⇢(u) , tr(⌃⇢(u)) is the probability that the
transcript of measurement outcomes observed by the learning algorithm
after t measurements is u. And ⌃⇢(u)/p⇢(u) is the state of the k-qubit
memory at the node u.

Given ⇢, we will abuse notation and let p⇢ denote the distribution on leaves of
T given by the probabilities {p⇢(`)}`. Let P1, . . . , P4n�1 denote the collection of
non-identity n-qubit Pauli operators. We will use EP [·] to denote expectation with
respect to a uniformly random such P .
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As before, we consider a many-versus-one distinguishing task where we want
to distinguish between the completely mixed state ⇢mm versus the set of n-qubit
states {⇢P } where P ranges over all n-qubit Pauli observables not equal to identity,
where ⇢P , (I + P )/2n. And as before, a lower bound for this task immediately
translates to one for shadow tomography. For the former, it su�ces to show that
for T = o

�
2(n�k)/3

�
, TV(p⇢mm ,EP [p⇢P ]) = o(1).

As in the proof of the single-copy lower bound, the primary technical ingredient
will be a second moment bound. To formulate this, we will need the following object:

Definition 237. Given a POVM element F = M†M and an unnormalized mixed
state ⌃ 2 H

2k⇥2k

, ⌧M,⌃ 2 H
2n+k⇥2n+k

is given by
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d̃

(The dimensions of the Hilbert spaces corresponding to the edges have been labeled.)

One can think of the following lemma as bounding a matrix-valued analogue of the
quantity defined in the single-copy lower bound. Indeed, when k = 0, the following
specializes up to constant factors to the second moment bound for the single-copy
case.

Lemma 238. For any POVM element M and unnormalized mixed state ⌃ 2
H

2k⇥2k

,

EP [kA⇢mm

M (⌃) � A⇢P

M (⌃)k2
tr]  1

2n�k
· 1

22n � 1
· tr (⌧M,⌃)2 . (73)

Proof. Note that A⇢mm

M (⌃) � A⇢P

M (⌃) = �tr>k

�
M
�

P
2n ⌦ ⌃

�
M†�, so by the fact

that kXk2
tr  2ktr(X2), 8X 2 H

2k⇥2k

, the left-hand side of (73) is upper bounded
by

2k
EP

"
tr

 
tr>k

✓
M

✓
P

2n
⌦ ⌃

◆
M†
◆�2!#

. (74)

For fixed P , we express the expression inside the expectation diagrammatically as

<latexit sha1_base64="D/zz3FnpenlS7Gy/qOkccmVSce0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Vj04rGCaQttLJvttF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDH0Wi1i1QqpRcIm+4UZgK1FIo1BgMxzdTv3mEyrNY/lgxgkGER1I3ueMGiv59fPqo+yWym7FnYEsEy8nZchR75a+Or2YpRFKwwTVuu25iQkyqgxnAifFTqoxoWxEB9i2VNIIdZDNjp2QU6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PSvg4zLJDUo2XxRPxXExGT6OelxhcyIsSWUKW5vJWxIFWXG5lO0IXiLLy+TRrXiXVaq9xfl2k0eRwGO4QTOwIMrqMEd1MEHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8fCm+OMA==</latexit>

P/2n
<latexit sha1_base64="D/zz3FnpenlS7Gy/qOkccmVSce0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Vj04rGCaQttLJvttF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDH0Wi1i1QqpRcIm+4UZgK1FIo1BgMxzdTv3mEyrNY/lgxgkGER1I3ueMGiv59fPqo+yWym7FnYEsEy8nZchR75a+Or2YpRFKwwTVuu25iQkyqgxnAifFTqoxoWxEB9i2VNIIdZDNjp2QU6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PSvg4zLJDUo2XxRPxXExGT6OelxhcyIsSWUKW5vJWxIFWXG5lO0IXiLLy+TRrXiXVaq9xfl2k0eRwGO4QTOwIMrqMEd1MEHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8fCm+OMA==</latexit>

P/2n

<latexit sha1_base64="89sIHFn5mkVV3rOWR8+Gpkdku1s=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxhLvEqEeiF4+YyCOBhcwOszBhdnYz02tCCB/hxYPGePV7vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBmM7mZ+84lrI2L1iOOE+xEdKBEKRtFKzVoXLypd1SuW3LI7B1klXkZKkKHWK351+jFLI66QSWpM23MT9CdUo2CSTwud1PCEshEd8Lalikbc+JP5uVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z2unGN74E6GSFLlii0VhKgnGZPY76QvNGcqxJZRpYW8lbEg1ZWgTKtgQvOWXV0mjUvauypWHy1L1NosjDydwCufgwTVU4R5qUAcGI3iGV3hzEufFeXc+Fq05J5s5hj9wPn8AluaPFg==</latexit>

P t/2n
<latexit sha1_base64="89sIHFn5mkVV3rOWR8+Gpkdku1s=">AAAB7nicbVDLTgJBEOzFF+IL9ehlIjHxhLvEqEeiF4+YyCOBhcwOszBhdnYz02tCCB/hxYPGePV7vPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBmM7mZ+84lrI2L1iOOE+xEdKBEKRtFKzVoXLypd1SuW3LI7B1klXkZKkKHWK351+jFLI66QSWpM23MT9CdUo2CSTwud1PCEshEd8Lalikbc+JP5uVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z2unGN74E6GSFLlii0VhKgnGZPY76QvNGcqxJZRpYW8lbEg1ZWgTKtgQvOWXV0mjUvauypWHy1L1NosjDydwCufgwTVU4R5qUAcGI3iGV3hzEufFeXc+Fq05J5s5hj9wPn8AluaPFg==</latexit>

P t/2n

<latexit sha1_base64="2Qsdalu/dg77by3FFjV+bjq8QIQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP48XjMg=</latexit>=

<latexit sha1_base64="D/zz3FnpenlS7Gy/qOkccmVSce0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Vj04rGCaQttLJvttF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDH0Wi1i1QqpRcIm+4UZgK1FIo1BgMxzdTv3mEyrNY/lgxgkGER1I3ueMGiv59fPqo+yWym7FnYEsEy8nZchR75a+Or2YpRFKwwTVuu25iQkyqgxnAifFTqoxoWxEB9i2VNIIdZDNjp2QU6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PSvg4zLJDUo2XxRPxXExGT6OelxhcyIsSWUKW5vJWxIFWXG5lO0IXiLLy+TRrXiXVaq9xfl2k0eRwGO4QTOwIMrqMEd1MEHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8fCm+OMA==</latexit>

P/2n <latexit sha1_base64="D/zz3FnpenlS7Gy/qOkccmVSce0=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4qkkR9Vj04rGCaQttLJvttF262YTdjVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXJoJr47rfzsrq2vrGZmGruL2zu7dfOjhs6DhVDH0Wi1i1QqpRcIm+4UZgK1FIo1BgMxzdTv3mEyrNY/lgxgkGER1I3ueMGiv59fPqo+yWym7FnYEsEy8nZchR75a+Or2YpRFKwwTVuu25iQkyqgxnAifFTqoxoWxEB9i2VNIIdZDNjp2QU6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PSvg4zLJDUo2XxRPxXExGT6OelxhcyIsSWUKW5vJWxIFWXG5lO0IXiLLy+TRrXiXVaq9xfl2k0eRwGO4QTOwIMrqMEd1MEHBhye4RXeHOm8OO/Ox7x1xclnjuAPnM8fCm+OMA==</latexit>

P/2n

<latexit sha1_base64="2Qsdalu/dg77by3FFjV+bjq8QIQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUS9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2WK/WLUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP48XjMg=</latexit>=

<latexit sha1_base64="/kl/J/MrbFHXr+CghOKY6aWWQz0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0iKqMeiF48t2FpoQ9lsJ+3azSbsboRS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8MBVcG8/7dgpr6xubW8Xt0s7u3v5B+fCopZNMMWyyRCSqHVKNgktsGm4EtlOFNA4FPoSj25n/8IRK80Tem3GKQUwHkkecUWOlhtsrVzzXm4OsEj8nFchR75W/uv2EZTFKwwTVuuN7qQkmVBnOBE5L3UxjStmIDrBjqaQx6mAyP3RKzqzSJ1GibElD5urviQmNtR7Hoe2MqRnqZW8m/ud1MhNdBxMu08ygZItFUSaIScjsa9LnCpkRY0soU9zeStiQKsqMzaZkQ/CXX14lrarrX7rVxkWldpPHUYQTOIVz8OEKanAHdWgCA4RneIU359F5cd6dj0VrwclnjuEPnM8feFuMuQ==</latexit>.

<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃
<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃

<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃
<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃

<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃
<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃

(75)
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By the 2-design property of the Cli↵ord group, averaging (75) with respect to P
yields

<latexit sha1_base64="8zFVBTK9sLHFFadXJ880VaQklOs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahLixJEHVZdOOygn1Ak5bJdNIOnUzizEQoIRs3/oobF4q49R/c+TdO2yy09cCFwzn3cu89fsyoVJb1bRSWlldW14rrpY3Nre0dc3evKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/dD3xWw9ESBrxOzWOiReiAacBxUhpqWceuozcQzcQCKd2ljpdXnG6qcOzU/sk65llq2pNAReJnZMyyFHvmV9uP8JJSLjCDEnZsa1YeSkSimJGspKbSBIjPEID0tGUo5BIL51+kcFjrfRhEAldXMGp+nsiRaGU49DXnSFSQznvTcT/vE6igksvpTxOFOF4tihIGFQRnEQC+1QQrNhYE4QF1bdCPEQ6EaWDK+kQ7PmXF0nTqdrnVef2rFy7yuMoggNwBCrABhegBm5AHTQABo/gGbyCN+PJeDHejY9Za8HIZ/bBHxifP8TFl3Y=</latexit>

 1

2n(22n � 1)

<latexit sha1_base64="vo9TLB5/PtWXN2z+EmXdcr8r75I=">AAACBHicbVDLSsNAFL3xWesr6rKbYBHqoiUJoi6LblxWsA9oY5lMJ+3QySTMTIQSsnDjr7hxoYhbP8Kdf+O0zUJbD1zu4Zx7mbnHjxmVyra/jZXVtfWNzcJWcXtnd2/fPDhsySgRmDRxxCLR8ZEkjHLSVFQx0okFQaHPSNsfX0/99gMRkkb8Tk1i4oVoyGlAMVJa6pulai8QCKdOlrr3qcuzyrxVndOsb5btmj2DtUycnJQhR6NvfvUGEU5CwhVmSMquY8fKS5FQFDOSFXuJJDHCYzQkXU05Con00tkRmXWilYEVREIXV9ZM/b2RolDKSejryRCpkVz0puJ/XjdRwaWXUh4ninA8fyhImKUia5qINaCCYMUmmiAsqP6rhUdIh6J0bkUdgrN48jJpuTXnvObenpXrV3kcBSjBMVTAgQuoww00oAkYHuEZXuHNeDJejHfjYz66YuQ7R/AHxucP94mXBQ==</latexit>

� 1

22n(22n � 1)

<latexit sha1_base64="4bOPBulN+YVmEhT3PW8H+y1ztHM=">AAACAHicbVBNS8NAEJ3Ur1q/oh48eAkWoR4sSRD1WPTisYL9gDYtm+2mXbrZhN2NUEIu/hUvHhTx6s/w5r9x2+agrQ8GHu/NMDPPjxmVyra/jcLK6tr6RnGztLW9s7tn7h80ZZQITBo4YpFo+0gSRjlpKKoYaceCoNBnpOWPb6d+65EISSP+oCYx8UI05DSgGCkt9c2jbiAQTp0sdXu84vZSl2fnzlnWN8t21Z7BWiZOTsqQo943v7qDCCch4QozJGXHsWPlpUgoihnJSt1EkhjhMRqSjqYchUR66eyBzDrVysAKIqGLK2um/p5IUSjlJPR1Z4jUSC56U/E/r5Oo4NpLKY8TRTieLwoSZqnImqZhDaggWLGJJggLqm+18AjpRJTOrKRDcBZfXiZNt+pcVt37i3LtJo+jCMdwAhVw4ApqcAd1aACGDJ7hFd6MJ+PFeDc+5q0FI585hD8wPn8AOqCVhg==</latexit>

1

2n(22n � 1)
<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃

<latexit sha1_base64="wBbaY937C5BLAoRGC/gwe1xi5a0=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCCymJFHVZdONGqGgf0IQwmU7aoTOTMDMRSqgbf8WNC0Xc+hfu/BsnbRbaeuDC4Zx7ufeeMGFUacf5thYWl5ZXVktr5fWNza1te2e3peJUYtLEMYtlJ0SKMCpIU1PNSCeRBPGQkXY4vMr99gORisbiXo8S4nPUFzSiGGkjBfa+p1EaZDcnHkd6EEaZd0f7HI3HgV1xqs4EcJ64BamAAo3A/vJ6MU45ERozpFTXdRLtZ0hqihkZl71UkQThIeqTrqECcaL8bPLBGB4ZpQejWJoSGk7U3xMZ4kqNeGg68zvVrJeL/3ndVEcXfkZFkmoi8HRRlDKoY5jHAXtUEqzZyBCEJTW3QjxAEmFtQiubENzZl+dJ67TqnlVrt7VK/bKIowQOwCE4Bi44B3VwDRqgCTB4BM/gFbxZT9aL9W59TFsXrGJmD/yB9fkD3jaXLQ==</latexit>⌧M,⌃
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where the inequality follows from the fact that the second term is equal to 1
22n(22n�1) tr(tr>k(⌧)2)

which is non-negative. The claim follows from the fact that tr(⌧2)  tr(⌧)2 (as ⌧ is
positive-semidefinite) and utilizing Eqn. (74). ⇤

We will not be able to make use of the convexity trick from the proof of
the single-copy lower bound. Instead, we make use of a careful pruning argu-
ment; intuitively, for any leaf `, we will essentially ignore the contribution to
TV(p⇢mm ,EP [p⇢P ]) coming from Paulis P for which A⇢P

Mu
s

behaves too di↵erently

from A⇢mm

Mu
s

for some edge eu,s on the path from root to `.

Definition 239. A Pauli P is bad for an edge eu,s if

kA⇢mm

Mu
s

(⌃⇢mm(u)) � A⇢P

Mu
s
(⌃⇢mm(u))ktr � 1

2(n�k)/3
·
r

1

22n � 1
· tr
�
⌧Mu

s ,⌃⇢mm (u)

�
.

Otherwise we say P is good for eu,s. Given node u, let P [u] denote the set of all
Paulis which are good for all edges on the path from root to u.

The following is an immediate consequence of Lemma 238 and Markov’s:

Fact 240. For any edge eu,s, there are at most 2�(n�k)/3 · (4n � 1) bad Paulis
P 2 H

2n⇥2n

. In particular, along any given root-to-leaf path of the learning tree,
there are at most T · 2�(n�k)/3 · (4n � 1) Paulis which are bad for some edge along
the path.

Lemma 240 allows us to bound the TV(p⇢mm ,EP [p⇢P ]) by a small term coming
from bad Paulis and a term coming from good ones:

Lemma 241.

TV (p⇢mm ,EP [p⇢P ])  T · 2�(n�k)/3 +
1

4n � 1

X

`2leaf(T )

X

P2P [`]

k⌃⇢mm(`) � ⌃⇢P (`)ktr

(76)
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Proof. Let L denote the set of leaves ` for which p⇢mm(`) � EP [p⇢P (`)]. Then

TV (p⇢mm ,EP [p⇢P ]) =
X

`2L
p⇢mm(`) � EP [p⇢P (`)]


X

`2L
EP [min(p⇢mm(`), |p⇢mm(`) � p⇢P (`)|)]


X

`2L
EP [min(p⇢mm(`), k⌃⇢mm(`) � ⌃⇢P (`)ktr)] (77)


X

`2L
J⇤KPr P 62 P [`] · p⇢mm(`) +

1

4n � 1

X

P2P [`]

k⌃⇢mm(`) � ⌃⇢P (`)ktr,

The first equality uses the fact that TV(p, q) = 1
2

P
i |pi � qi| =

P
i:pi�qi

(pi � qi).
Inequality (77) uses the fact that k⌃⇢mm(`) � ⌃⇢P (`)ktr � tr(⌃⇢mm(`) � ⌃⇢P (`)) =
p⇢mm(`)�p⇢P (`). The lemma follows from Fact 240 and the fact that

P
` p⇢mm(`) 

1. ⇤

We are now ready to prove Theorem 235.

Proof of Theorem 235. By Lemma 241, it su�ces to control the latter term
on the right-hand side of Eq. (76). We do so via a hybrid argument. For any leaf
` with parent u and incoming edge eu,s, and any P 2 P [`], we can upper bound
k⌃⇢mm(`) � ⌃⇢P (`)ktr by

kA⇢mm

Mu
s

(⌃⇢mm(u)) � A⇢P

Mu
s
(⌃⇢mm(u))ktr + kA⇢P

Mu
s

(⌃⇢mm(u) � ⌃⇢P (u)) ktr, (78)

where we have used the transition formula in Eq. (72) and the triangle inequality.
We can upper bound the former term by

1

2(n�k)/3
·
r

22n

22n � 1
· tr

✓
1

2n
⌧Mu

s ,⌃⇢mm (u)

◆
(79)

because P is good for edge eu,s; see Definition 239 and note that
p

22n· 1
2n = 1. Using

Definition 237 and the fact that {(Mu
s )†Mu

s }s is a POVM hence
P

s(M
u
s )†Mu

s = 1,
we have the following identity.

X

s

EP [tr

✓
1

2n
⌧Mu

s ,⌃⇢mm (u)

◆
] = EP [tr(⌃⇢mm(u))], 8u : node on T .

Therefore, we have

X

u,s: eu,s connected
to a leaf

EP


tr

✓
1

2n
⌧Mu

s ,⌃⇢mm (u)

◆�
= EP

2

64
X

u: connected
to a leaf

tr(⌃⇢mm(u))

3

75 = 1.
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As for the latter term in Eq. (78), note that for any leaf ` with parent u, P [u] ✓ P [`],
soX

`,P2P [`]

kA⇢P

Mu
s

(⌃⇢mm(u) � ⌃⇢P (u)) ktr 
X

u,s: eu,s connected
to a leaf,P2P [u]

kA⇢P

Mu
s

(⌃⇢mm(u) � ⌃⇢P (u)) ktr

=
X

u: u connected
to a leaf,P2P [u]

X

s

kA⇢P

Mu
s

(⌃⇢mm(u) � ⌃⇢P (u)) ktr

(80)

Note that for any node u, the map

E : X 7!
X

s

|si hs| s ⌦ A⇢P

Mu
s
(X)

is a quantum channel, so in particular kE(X)ktr  kXktr. In particular, we can see
that

kE(⌃⇢mm(u) � ⌃⇢P (u))ktr =
X

s

kA⇢P

Mu
s

(⌃⇢mm(u) � ⌃⇢P (u)) ktr.

We may thus upper bound Eq. (80) by
X

u: connected to
a leaf,P2P [u]

k⌃⇢mm(u) � ⌃⇢P (u)ktr =
X

u: at depth T�1
P2P [u]

k⌃⇢mm(u) � ⌃⇢P (u)ktr. (81)

Combining Eq. (78), (79), and (81), we conclude that

X

`2leaf(T )
P2P [`]

k⌃⇢mm(`)�⌃⇢P (`)ktr  1

2(n�k)/3
·
r

22n

22n � 1
+

X

u at depth T�1
P2P [u]

k⌃⇢mm(u)�⌃⇢P (u)ktr

We can thus conclude by induction and by Lemma 241,

TV (p⇢mm ,EP [p⇢P ])  T · 2�(n�k)/3 + T · 2�(n�k)/3 ·
r

22n

22n � 1
.

In order to achieve the many-versus-one distinguishing task with probability at least
2/3, we must have 2/3  TV(p⇢mm ,EP [p⇢P ]) from Le Cam’s two point method.
However for T = o(2(n�k)/3), TV(p⇢mm ,EP [p⇢P ]) = o(1). This concludes the lower
bound that T � ⌦(2(n�k)/3). ⇤


