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density matrices, and let lIp be the Euclidean (Frobenius) projection onto D. Since
D is closed and convez, Ilp is nonexpansive:

|ITIp(A) —Up(B)||r < ||A—Bllr forall A, B.
In particular, because p € D,

lp = Hp(P)llr < llp—2llr-

Thus the Frobenius bound from Corollary 50 continues to hold (and can only im-
prove) after projecting p onto D. Operationally, if p = Udiag(\)U' is an eigen-
decomposition, then Ilp(p) is obtained by projecting the eigenvalue vector A onto
the probability simplex { > 0: >, u; = 1} (via the usual simplex projection) and
setting p = Udiag(p)UT.

Before moving on to fancier versions of quantum state tomography, we com-
ment here on how practical it is to perform it. Consider a system of 8 qubits,
corresponding to d = 2% = 256; therefore a p is described by 65,535 real num-
bers. Such a quantum state tomography (with a slightly different method than the
one presented above) was performed in [HHR™05] with about 10 hours of data
acquisition. Note that each individual qubit increases the number of parameters
and data acquisition time exponentially. As such, full quantum state tomography
is often totally impractical even for modest system sizes.

Nonetheless, we study full quantum state tomography since it is a fundamental
problem in quantum learning theory, and allows us to build tools for more prag-
matic, ‘partial’ forms of state tomography which are highly practical and often
used.

2. Learning a state in the operator norm

In many applications we do not need to reconstruct p entrywise; rather, we want
to predict expectation values of observables with respect to p. If p is an estimate,
the prediction error for an observable O is

0)y ~ (O)3] = (0o~ )]

Different matrix norms control this quantity for different classes of O. We next
introduce the operator norm and explain when it is the right notion of accuracy.

Definition 52 (Operator (spectral) norm). The operator norm of a matriz A €
(Cd><d is

||A||0p = sup HAU||2 = Umax(A)a

[lv]l2=1

which is the largest singular value of A. If A is Hermitian, then | A|lop = maxy |Ap(A)],
the largest eigenvalue magnitude. We will sometimes also write || - ||oo for || - |lop-

Two elementary inequalities will be useful: the Hilbert—Schmidt Cauchy—-Schwarz
bound

[t (XTY)| < [IXlp[[Y]lr,
and the trace—operator Holder bound (duality of || - ||; and || - ||o)
[tr(XY)] < XY [loo -

Using these inequalities we have the following:
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Proposition 53 (Expectation bounds via operator norm). For any Hermitian ob-
servable O and states p, p,

tr(O(p—=9))| < IOl llp = Plloo » (22)
|tr(O(p = 7))| < IOllr llp = pllr- (23)
In particular, if O is a projector P of rank r, then |P|y = r and
[tr(P(o =) < 7llp = Plloc -

Thus an operator-norm guarantee on the state directly controls probabilities of
low-rank projectors (e.g. rank-1 tests are controlled with constant factor).

Equation (22) is especially useful when the observables of interest have small trace
norm (low rank or few outcomes with bounded weights). Conversely, when we only
know ||O|lcc <1 (a very common normalization), (23) gives

|tr(O(p = )| < 1O][ellp = plle < /rank(O) |p = plle < Vd|p = pll¥,

which shows a v/d amplification in worst case (e.g. full-rank observables). Hence a
Frobenius guarantee ||p — pl|r < eF only implies

(0) = (03] S Vder for O]l <1,

and to achieve a constant error in such expectation values one needs ep = O(1/1/d).
This is precisely why a Frobenius bound from entrywise tomography may not trans-
late to a useful operator-norm control for large d.

Remark 54 (Relating Frobenius and operator norms). For any matriz X,
X[l < 1Xle < VA X |0

Under our entrywise scheme, a uniform per-entry accuracy max; ; |Xi;| < €max
yields || X |lr < demax (and therefore || X||oo < demax). Consequently, to guaran-
tee an operator-norm target ||p — plleo < € via entrywise control, one must take
Emax = €/d, which (through the Hoeffding scaling 1/£2,,. ) inflates the copy com-
plexity by a factor d? relative to the entrywise case, i.e. to O(g—z log(d2/5)), as ex-
plained above. By contrast, operator-norm accuracy immediately controls all rank-r
projector expectations within re by (22).

The above considerations motivate us to consider quantum state tomography
that is better-suited to the operator norm, so that we can get a better query com-
plexity bound in that setting. There are many approaches to do this, but here we
follow the proof strategy of [CHL " 23] which is based in part on [GKKT20]. We
will show that there exists an estimator p such that with probability at least 1 — ¢
we have ||p — pllec < € with at most O(%M) measurements. This is much
better than our naive approach above, by a factor of around ~ d? log(d).

To begin, we need to consider the uniform POVM on the sphere in C%, which

we develop below.

2.1. The uniform POVM on the sphere and its Naimark dilation

We briefly recall the measurement formalism. A POVM is a finite (or measur-
able) collection of positive semidefinite operators {M,} summing to the identity;
upon measuring p, outcome z is observed with probability tr(pM,) (after which
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the state is discarded). See Definition 2.1 for our conventions. Throughout our
discussion here, all POVMs will be rank 1.

Let S?4~1 ¢ C?¢ denote the unit sphere with normalized Haar measure dv
(so fSZUFl dv = 1). The uniform POVM is the continuous-outcome POVM with
operator—valued density

M(dv) :=d|v){v|dv,

so that for any measurable B C S?¢~! we have M(B) = [, d|v)(v|dv. It is well-
defined because fS2d—1 |v)(v| dv = @1 by unitary invariance, and taking traces gives
1 = [tr(Jvo)(v])dv = tr(ad) = ad, hence o = 1/d, i.e. [gd|v)(v]dv = 1. When
p is measured with this POVM, the outcome v € S24~! has density p(v)dv =
tr(p M(dv)) = d (v]p|v) dv.

Recall that Naimark’s theorem says any POVM can be realized as a projective
measurement (PVM) on a larger Hilbert space, followed by discarding the ancillas.
Concretely, consider the following example.

Example 1 (discrete case): Suppose we approximate the uniform POVM by a fi-
nite frame {wy, |vg) } 7, with weights wy, > 0 obeying >, wy = d and ), wi|vi) (vi| =
1. Define POVM elements Mj, = wy, |vk)(vg|. Let the “pointer” ancilla belong to
the Hilbert space K ~ C™ with basis {|k)}},, and define the isometry

m

ViH—HK, V)= |u) @ (Vak () k) .
k=1
If we then measure the ancilla in the computational basis with projectors Il =
I ® |k)(k|, this induces the POVM

VTHkV = Wk |1}k><vk‘ = Mk

on our original system, where Pr[k] = tr(pM}). We have thus realized our discrete
POVM viaa PVM on H ® K.

We can generalize the example above to the setting of our desired continu-
ous uniform POVM. We replace the finite-dimensional pointer Hilbert space by the
infinite-dimensional pointer Hilbert space K ~ L2?(S??~! dv) with basis {|v) : v €
S24=11 and define the isometry V : H — H @ K by

Vie) = [, VAl s edo e R K,

where here we have put H and K subscripts on the |v)’s for clarity. Let II(B) be the
PVM on K given by multiplication by the indicator of B C S~ i.e. [II(B)¢](v) =
15(v) ¢(v). Then

VTH(B)V:/Bd|v><u|dv:M(B),

because for any [¢), we have (Y|VIII(B)V|¢) = [5d|(v]¢)>dv = (¥|M(B)[).
Thus the uniform POVM is induced on H by projected measurement on the ex-
tended space.

In implementations one replaces the continuous POVM by a finite approxi-
mation (e.g. randomly sampled Haar vectors or a spherical 2-design) and uses a
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corresponding discrete version as we gave in the example above. For convenience,
we will stick with the continuous version in our proofs below.

2.2. Learning a density matrix with a continuous POVM

Consider, as above, the POVM given by the continuous operator density M (dv) :
d|v){v| dv. Suppose we are given a device that prepares copies of a unknown den-
sity matrix p, and that we measure each p we are given with the POVM. Let
|v;) be the outcome of the ith measurement where each v; € S?¢~1 ¢ C?. Then
for our improved quantum state tomography procedure, we will use the estimator
Hy(p) = Hyv(p,v1,...,uN) given by

N
NZ (d+ Dv){v;] = 1) .

Then we have the following result.

Theorem 55 (Quantum state tomography for the operator norm). For accuracy
€ (0,1) and confidence 6 € (0,1). Then with probability at least 1 — &, we obtain
p = Hy(p) such that

log(1 log(1
||p—ﬁ||ocscmax{d+ oellfo) - fa Lo /‘”},

for some universal constant C. Letting N = O(%Z(l/é)), we in particular find
that with probability at least 1 — 6 we obtain p := Hy(p) such that

o= Pllec <.
To prove this theorem, we require several lemmas.
Lemma 56 (Second moment of the uniform POVM). Let S??~1 C C? be the unit
sphere equipped with the normalized Haar measure dv (so fgqu dv=1). Then
/M 1) (0] @ [0) (] dv = ﬁ(ﬂ 1+ SWAP),
where SWAP is the swap operator on H ® H.
PROOF. We first record the one-fold identity. Set

B:= [v){(v| dw.

§2d—1

For any unitary U on H, the change of variables v — Uv gives
UBUT :/|Uv>(Uv| dv=B

Thus B commutes with every unitary and hence B = a1 for some scalar o. Taking
traces,

1=tr(B) = atr(l) = ad,

1
dv=—.
/SM,I'”W' v=1

so « = 1/d and therefore
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Now set

A= / [v) {(v] @ |v){v| dv.
§2d—1
We will show A = a1 + 8 SWAP and then determine «, 8 by two trace identities.
For any unitary U,
(UeUAUT U = A4,
and, because the integrand is symmetric under swapping tensor factors,
SWAP A SWAP = A.

Working in the usual computational basis {|i)}%_,, we write
Aijre = (il (7| A[R)|6).
64
-

Taking U to be a diagonal phase matrix D(6) = diag(e ..,€%) and comparing

matrix elements yields
Ay = OF0=0=00 4, for all 6;,6;,0x,0, € RY.

Varying the phases independently forces A;; ¢ = 0 unless the sets {4, j} and {k,{}
coincide. Hence the only potentially nonzero entries are

Aij,ij and Aij,ji .
Invariance under permutation matrices then implies these coefficients depend only
on whether ¢ = j or ¢ # j. Thus there exist scalars a, b, ¢ such that

A= "alid) (i + > blig) i+ Y clig) il
i i#] 1#]
Commuting with SWAP further forces, on each two-dimensional block span{|ij), [ji)}
with i # j, the form
b ¢
c b)’

which is a linear combination of the identity and the flip on that block. Noting that
1= lij)ijl, SWAP =" lij)(jil,
4, ()
we may rewrite

A=al+ 3 SWAP

where a = b, f =c¢, and a = a + (.
Next we set out to determine «, 8. First,

tr(A) = /tr(|v><v| ® \v)(v\) dv = /1 dv =1.
On the other hand,
tr(A) = atr(1) + Btr(SWAP) = ad? + d.
Second, using tr( SWAP(X ® Y)) = tr(XY),

tr(SWAP A) = [ tr((|v)(v] @ [v)(v]) SWAP ) dv = /tr(|v>(v| o) (]) dv = /1 dv=1,
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while
tr(SWAP A) = a tr(SWAP) + Btr(1) = ad + B d°.
The linear system
Pa+df=1, da+d*B=1

has the unique solution

1
a=0=gas);
and therefore
1
= ———(14+SWAP).
CETL )
This is the desired identity. (Il

We also have the similar result below.

Lemma 57 (Third moment of the uniform POVM). Letting S**~1 € C? as before
and considering the normalized Haar measure, we have the identity

Ty = /S [0) (0] © [0} (0] ® [v) (0] dv = m S Perm(m),
TES3

where S3 is the set of permutations on three items.

The proof proceeds in a similar, albeit more tedious way, than the one above.
Later, we will demonstrate a more high-powered way to bound all of the moments.
Next we require the notion of an e-net:

Definition 58 (c-net on pure states). Let (X, d) be a metric space. A subset N C X
is an e-net if for every v € X there exists y € N with d(z,y) < €.

For our purposes, X will be the unit sphere of pure states in a d-dimensional
Hilbert space H ~ C?, and we take

dr (Ju), [u')) = || lu)(ul = |u') ('] |-
It is often convenient to work with the projective Fuclidean (“chordal”) distance
/ — : i,
i (fu). o) = min [Ja) = e} .

or with the Fubini—Study geodesic distance; these metrics are equivalent up to uni-
versal constants. In particular, for unit vectors

dg(|u), [u) < dp(lu), [u')) < V2dg(|u), [u')),
since dg =2 (1 — [(u[u)|?) and d = 2(1 — |(u|u/)]).

Lemma 59 (Volumetric e-net bound). Let 0 < ¢ < 1. There exists an e-net N for
the unit sphere of pure states in H ~ C% (with respect to the projective Euclidean

metric) of cardinality at most
2d
3
V| < () .
€

By the metric equivalence in Definition 58, the same bound holds for dp up to a
universal rescaling of .
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PrOOF SKETCH. Identify C? ~ R?? and view the pure-state sphere as S??~!. Let
M C $?1 be a maximal e-separated set in the ambient Euclidean metric. Then
the closed Euclidean balls {B(z,e/2) : © € M} are disjoint and all lie inside the
radius-(1 + ¢/2) ball in R2¢. Comparing volumes yields

|M|vol(Baq(g/2)) < vol(Baa(l+¢/2)),

M| < (11—/52/2>2d: (2?)% - (g)Qd

since ¢ < 1. Maximality of M implies it is an e-net for the Euclidean metric on

SO

S2d-1: since dg < || - ||2 on the sphere, the same set is an e-net for dg. Finally,
the equivalence between dg and dg transfers the bound to the Frobenius—projector
metric (at the cost of a universal constant in €), completing the proof. O

Finally, we need one more result, which is a highly useful inequality.

Lemma 60 (Bernstein’s inequality). Let Xi,..., X, be independent, mean-zero
real random variables. Assume |X;| < b almost surely and set o2 := > E[X?].

Then for all t > 0,
2
P >t <2 - | .
g =h = eXp( 2(02 —|—bt/3))

Equivalently, for the empirical mean X = % > X,

< nn’ o1 - 2
Pr[|X|>n] < 2exp( 22 +b77/3)) , o= ;E[XZ]

Let us unpack the Bernstein inequality. A mean-zero random variable X
is sub-Gaussian with proxy variance v? if its moment generating function obeys
Elexp(AX)] < exp(A?2/2) for all A € R. This implies Gaussian-type concentration
Pr(|X| > t) < 2exp(—t?/(2v?)). Bounded variables are sub-Gaussian (with v < b
when |X| < b), and sums of independent sub-Gaussians remain sub-Gaussian with
variance proxy adding in quadrature. A closely related class is sub-exponential: X is
sub-exponential (with parameters («, 8)) if Elexp(AX)] < exp(o‘zz)‘Q) for |A| < 1/8.
Bernstein’s bound quantitatively captures the sum of independent sub-exponential
variables: the tail looks Gaussian ~ exp(—ct?) for moderate deviations and transi-
tions to exponential ~ exp(—ct) beyond a scale set by the individual “heaviness”,
here given by b.

With the above lemmas at hand, we are now prepared to give the proof of
Theorem 55:

n

>

i=1

PROOF OF THEOREM 55. We measure each copy of p with the uniform POVM
M (dv) = d|v){v| dv on the unit sphere S?¢=! € C?. Let vy, ..., vy be the outcomes,
and we recall the estimator

N
Hx(p) = 5 3 (@ 1) o] 1),

We will show that, with probability at least 1 — 4,
d+1log(1/8)  [d+log(1/5) }

|H(p) = plloc < C max{ e, =



2. LEARNING A STATE IN THE OPERATOR NORM 81

Let p,(v)dv denote the outcome density of the uniform POVM on p. By
definition,

pp(v) dv = tr(p M(dv)) = d (v|p|v) dv.

Using the second—moment identity of the uniform POVM from Lemma 56 together
with [ |v)(v|dv = 1/d (which we also derived in the proof of the same lemma), we
compute

Eorp, [[0) (0 _d/ vlplo) [ dv—dtrg[]l®p/|v o] @ [v) (o] dv
14SWAPT 1
:dtm{(mp) dd+1) ]:d+1“2[]1®”+SWAP(1®p)]
1
= — (1 .
ar1 ()

Therefore E[ (d+1) [v)(v| — 1] = p, giving us E[Hn(p)] = p. This establishes that
our estimator Hy(p) is unbiased.
Fix now a unit vector |u). Define the centered scalar random variables

Vi i= (ul((d+ 1) [og) sl — 1 = p) ) = (d+ 1) [{ulon)|? — 1 — (ulplu),
so that E[Y;] = 0 and

(wl (Hx (p) — p)l) = 5 D

(p) — plloo- Now for any v,
|(u|v)|?> € [0,1], and (u|p|u) € [0,1]. Therefore —2 < Y; < d, and so we can
take |Y;| < b:=d+ 1. Let Z := |(ulv)|? € [0,1]. Using Lemma 56 we have
Lt Gl 2

d+1 ~—d+1
We now use Lemma 57 to bound the second moment of Z:

By, 28] = d [ (lplo) (ulo}* do = dts[ (@ fu)(a] © ) [ 10)(0]% ]

= dtr[(p® uy{ul @ |u>(u\)m 3" Perm(r)]
TES3

Our goal is to control supj, -, ‘%

Eonp, [2] = (Ul Evrp, [|0) (0] ] |u) =

d
S W+ T2 5; tr| (p @ |u) (u] @ [u) {u]) Perm(r)|
6

SdsDd+2)

The last inequality uses that each trace term is at most 1 (e.g., for the identity
permutation it equals tr(p)tr(|u)(u|)?> = 1), while for any other m € S it reduces
to either (u|p|u) or 1. Thus we have the variance

Var((d+1)Z — 1) = (d +1)2 (]E[ZQ] - (EZ)Q)
6

<D Gy =
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Recalling ¥; = (d+ 1)Z — 1 — (u|p|u), we have E[Y;] = 0, Var(¥;) < 6, and the

range |Y;| < b:=d+ 1 (since Z € [0,1] and (u|p|u) € [0,1]). For the empirical

mean Y := + vazl Y;, Bernstein’s inequality (Lemma 60) gives, for all n > 0,
Nn?

_ T ) o (f N mi d,2),

27 +b77/3)> < 2exp ¢ N min{n/d,n"}

for a universal constant ¢ > 0, where we used 2<6andb=d~+1.

Let NV be a 1/4-net of unit vectors in projective Euclidean distance with |[N| <
Cd (Lemma 59). By a union bound,

Pr[[Y]>n] < 2eXp<

Prl sup. [{ul(Hx(p) - p)lu)] > n] <20 exp( - e winfi, 1/d}).
|luyeN

Choosing

_ d+log(1/0) [d+log(1/d)
n—CmaX{ i , i }

with a sufficiently large universal C; makes the right-hand side at most §/2.
We now pass from the net to all unit vectors. A standard covering argument
shows that if A is a ifnet and X is Hermitian, then

1
[ Xlloo < 77777 swp NulX|w)] <2 sup |(u[X[u)|.
1—2-(1/4) |wen lu)eN
Indeed, if |w) is a maximizer of [(w|X|w)| and |u) € N with |[|Jw) — |u)||2 < 1/4,
then
[{w] X |w)| < [{ulX|w)] + 2 [ X | [lw) = [u}ll2 < [(ul X |u)] + 5] Xl
which implies || X ||oc < 2sup,cpr |(u|X|u)].

Applying this with X = Hx(p) — p, we conclude that, with probability at least
1 — 9, that

|Hn(p) = plloe <27 < C max{d+ log(1/6) [d +log(1/6) } |

N ’ N

This is the result we claimed, for a suitable universal constant C'. O



